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INTRODUCTION 
Gottlieb et al. [1] applied pseudospectral methods to the solution of the one-dimensional 
propagating shock wave problem. They utilized a low pass spectral filter which they developed 
together with a Shuman filter, applied to the flow on either side of the shock wave but not across 
the shock itself. The shock location was determined by examination of the spectral coefficients. 
Since then, the present author has developed new techniques for use with pseudospectral methods 
which have greatly increased their utility in solving inviscid flows with single or multiple 
discontinuities. Pseudospectral methods have been used by the author to solve many classes of 
complicated time dependent compressible flows using the full Euler equations of motion [2--6]. 
Results have shown that flow discontinuities such as shock waves or contact surfaces are properly 
resolved as sharp discontinuities. Solutions for transonic airfoil flows at subcritical and supercritical 
conditions [6] were obtained more recently and proved that full pseudospectral computational 
methods could also successfully treat compressible inviscid flows about non-planar geometries. 
With the completion of the airfoil work, the author has shown that pseudospectral computational 
methods are fully suitable for solving many classes of inviscid, time dependent, compressible flows 
using the Euler equations of motion. 
The next logical step is to turn to the full viscous equations of motion namely, the Navier-Stokes 
equations. Orszag is the most notable in the field when one considers tability and transition 
analyses of incompressible hydrodynamic boundary layer and channel flows (see Ref. [7] for 
example). He was the first to apply pseudospectral methods, treating flow stability problems for 
laminar hydrodynamic boundary layers. However, no work has as yet been done for compressible 
flows. Even when one considers the solution to compressible xternal flows, pseudospectral 
methods have not been used at all due to difficulties in resolving discontinuities. The author showed 
in Ref. [8] that the time dependent, compressible, full Navier-Stokes equations of motion could 
be solved using full pseudospectral methods. In that work, a laminar, oblique shock wave 
boundary layer interaction flow on a fiat plate in a supersonic free stream was computed. The 
shock waves were maintained as sharp discontinuities and the separation zone was obtained. 
The spatial extent of the separation zone as well as the plateau pressure agreed well with 
experimental data. The only drawback was the amount of CPU time required to obtain 
convergence. With explicit ime stepping, and a Courant number of 2.5 based on the minimum time 
step allowable in the entire computational domain, 5 h of CRAY-XMP/12 time (25,000 time steps) 
were required. 
To remedy this large machine time requirement, MacCormack's implicit time stepping pro- 
cedure [9] was incorporated into the code. Results were presented in Refs [10, 11]. The computer 
resources required to obtain numerical convergence were greatly reduced. Eleven-thousand 
iterations and 2.5 h or CRAY-XMP/24 machine time were required. The only drawback was the 
overprediction of the separation zone plateau pressure. The plateau pressure, non-dimensionalized 
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by free stream static pressure, was 1.34. (The experimental value was 1.25 with the explicit code 
value being 1.28.) This is a little more than 7% above the experimental value. The extent of the 
separation zone was in very good agreement with the experimental data. The separation point and 
recomprcssion zone location were predicted quite well. So was the vertical extent of the separation 
bubble. To try to reduce the machine resources even fruther, local time stepping was incorporated 
into the code. This paper presents the results which were obtained with the use of the local time 
stepping option. 
GOVERNING EQUATIONS 
The full two-dimensional, time dependent, compressible Navier-Stokes equations of motion cast 
in conservation law form as shown below: 
aU t~E ~F 
~--~ + ~-x + ~y = 0, (1) 
where U, E and F are vectors whose elements are: 
U= 
P 
pu 
pv 
e 
(2a) 
E= 
p/d 
pu  2 + o" x 
puv  + "Cxy 
(e + ax)U + ZyxV -- r.(aT/ax) 
(2b) 
F= 
pv  
puv + Zyx 
pv2 -{ - tTy 
(e + ay)v + ZxyU - r(~T/Oy) 
(2c) 
and 
~v ) au 
trx = P - \tgx - 2# ~x" 
Txy = Ty x = --I,t + , 
/ ~u 8v \ ~v 
4= --~, 
T 1.5 
x 10 -8, (2d) 
# = (T + 198.6) 
where ~x, ay are the normal stresses, ~xy and ~yx are the shear stresses, 2 and /~ are viscosity 
coefficients (Sutherland's relation is used since the present work deals with laminar flow) and r is 
the coefficient of thermal conductivity. The pressure is obtained from the following: 
e = P~ + ½p(u 2 + v2). (3) 
(~ -- 1) 
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The physical flow variables are non-dimensionalized in the following manner. Velocities are 
normalized with respect o the free stream velocity in front of the incident shock wave. The 
pressure, normal stress and shear stress terms are non-dimensionalized by the free stream pressure 
head, (ptU~), in front of the incident shock wave. The density and viscosity coefficient are 
non-dimensionalized with respect to their free stream values in front of the incident shock. The 
temperature is non-dimensionalized by (U~)/R. With respect o non-dimensional flow variables, 
equation (1) becomes: 
O8 Og OP 
0-7 + ~x + ~ = O, (4a) 
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v=~,  ~ , (4b) 
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(4d) 
with the Prandtl number Pr defined by, 
Pr =/~Cp. (4e) 
Several coordinate transformations are applied to generate an appropriate distribution of points 
in the flow field. Appropriate here means many points in regions of large gradients and 
simultaneously few points in regions of small gradients. The final computational coordinates are 
obtained using a sequence of four coordinate transformations. Namely, 
(x, y)-~(~, ,7)~(~, ~)~(~, O, (5) 
where 
x =axe 1-c'~¢2 [ ~2_¢f,] (1-~2)" C3 1 ~- / '  
I - -  b te l  
--Xmax<- x ~ Xm~x~--~l <~ 2 ,  (6a) 
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-¢t  
-1~+1 (6b) 
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The terms Ct, C3, Ax, Ay and ~ are transformation clustering constants which affect the 
distribution of points in the computational and physical domains. The final form of the 
Navier-Stokes equations becomes, 
O,+£~+P~+,q = o, (8) 
where 
£=ETx, 
B = - E(L)~ - [Eg'~L~ + Pg'~,Ty)d. 
All spatial derivatives appearing in equation (8) are calculated by pseudospectral means. In 
the present work this involves the use of Chebyshev polynomials. The time derivative U, 
appearing in equation (8) is evaluated using finite differences. Specifically, the Adams Bashforth 
algorithm is used. A fourth order artificial viscosity scheme is used to maintain numerical 
stability. 
PSEUDOSPECTRAL METHODS 
Pseudospectral solution techniques involve the use of series of functions to represent the global 
properties of a flow field and its spatial derivatives. In the present work Chebyshev polynomials 
are used. They are represented by T~(x), where 
or 
where 
T,(x) = cos[n arc cos(x)], (9) 
0 = arc cos(x). (10b) 
T,(cos 0) = cos[n0], (10a) 
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A function of a single spatial variable and time such as F(x, t) may be represented as 
N 
F(x, t )=  ~ An(t)rn(x). (11) 
n~O 
The time dependence is represented entirely in the spectral coefficients An(t) while, the spatial 
dependence is represented in the Chebyshev polynomials T.(x). The Chebyshev polynomials are 
evaluated at discrete points xj where 
xj= cos [~] ,  (12) 
where N~ is the total number of modes used to represent the spatial variation of the function F(x, t). 
The spatial derivative of the function F(x, t) is represented as 
OF(xj, t) Nx 
Ox = ~ A"(t)°)Tn(xJ)' (13a) 
n~0 
where 
and 
Sx 
A<.')(t) = -~. ~. pAp(t) (13b) 
p=n+l  
p + n = odd, 
C0=2, 
Cn> 0 = 1. 
The A,s are determined from equation (11). Inverse FFTs are used to obtain the A,s from the 
known functional values F(x, t) at the known collocation points xj. The spectral coefficients of the 
- - (1 )  spatial derivative, ,4, ,  are determined from the recurrence relation equation (13b). Direct FFTs 
are used to evaluate the sum in equation (13) to obtain the functional values at t + 6t. The low 
pass spectral filter developed by Gottlieb at ICASE is used to damp spectral oscillations. 
BOUNDARY CONDITIONS AND TIME STEP SIZE 
For supersonic flow problems, the inflow boundary conditions are to keep all flow variables fixed. 
Along the upper boundary flow variables were held fixed at post incident shock conditions ince 
the upper boundary was placed far enough from the plate surface to lie above the reflected shock 
wave. At the outflow boundary, conditions at each point were set to those at the next upstream 
point (zeroth order extrapolation) throughout the calculation. Along the bottom of the computa- 
tional boundary either a plane of symmetry or wall surface was present. Reflective boundary 
conditions were used at points along the lower boundary. At points which lie ahead of the flat plate, 
u~.~ = u~.2. While for points on the body surface, ui.~ = -u,.2. Also, along the entire bottom boundary 
Vl, I = --vi.2, Pi.~ = Pi.2 and e~,~ =e~.2, with e denoting specific internal energy. This last condition being 
applied along the body surface since all cases treated are for an adiabatic wall. Note that points 
on the plane of symmetry or on the plate wall are denoted by subscript (i, 1). 
The time step size was determined from the following: 
' - -  -2V  " 
lel + 
(14a) 
(14b) 
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fit = [fits, 6tT]mi ., (14c)  
where, a T and a T are the eigenvalues in the computational space at each of the grid points. 
RESULTS 
As previously mentioned, a local time stepping option was used in the pseudospectral code. 
This option uses the local explicit ime step sizes at each of the grid points to advance the solution 
in time. As such, the actual time step size used varies from point to point. The only constraint is 
that it is not allowed to exceed a predetermined maximum value. This maximum value is 
determined as the product of a user specified integer factor (greater than one) and the global 
minimum explicit time step size. The value of this factor was 5.0 for the results obtained in this 
paper. 
The flow solved for is the oblique shock wave, laminar boundary layer interaction over a flat 
plate. The energy boundary condition on the plate surface was an adiabatic wall. The free stream 
conditions elected match those of one of the wind tunnel tests reported on in Ref. [12]. In that 
reference, schlieren photographs as well as experimentally measured surface pressure distribution 
data are presented. The free stream mach number is 2.05 with the oblique shock wave generator 
being a six degree wedge. The free stream unit Reynolds number is 695,000/ft. The plate surface 
lies in the range -0.14ft~<x ~<0.20ft. The full range of the computational boundary is 
-0.20 ft <~ x ~< + 0.20 ft and 0.0 ft ~< y ~< 0.30 ft. Sixty-four Chebyshev modes were used to model 
the flow in each spatial direction. The numerical solution was first obtained at a grid resolution 
of 64 x 32. This coarse grid solution required 1000 iterations and approx. 6 min of CPU time on 
the NRL CRAY-XMP/24. The coarse grid solution was then used as the initial condition for the 
64 x 64 grid resolution run. Eight-thousand and five-hundred iterations at 1.9 CPU h were required 
to obtain final convergence. 
Graphical results are shown in Figs 1-16. Figures 1 and 2 show constant coordinated grid lines. 
The full computational domain is shown in Fig. 1 with an enlargement of the neighborhood near 
the wall shown in Fig. 2. Points are stretched in the y-direction. The grid spacing is nearly uniform 
n the x-direction. 
Full field profiles of density, axial velocity, energy and unit mass flow are shown in Figs 3-6. 
The profiles are free of any unwanted spectral oscillations. The incident and reflected shock waves 
are clearly evident in Fig. 3. The separation zone and shear layer are readily apparent. The density 
and energy profiles shown in Figs. 3 and 5 intercept the plate surface vertically. This is as it should 
be since the wall is adiabatic. The recirculation zone is not readily apparent in Figs 4 and 6 because 
of the scale of the figures. Profiles in an expanded region near the surface are shown in Figs 7-10. 
The density profiles in Fig. 7 are all smooth with no oscillations. The recirculation zone is clearly 
shown in Fig. 8 where the axial velocity profiles are plotted. Energy profiles are shown in Fig. 9. 
As can be seen the profiles intersect the surface at right angles, denoting zero normal derivative 
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Fig. 1. Full field constant coordinate grid lines. 
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Fig. 2. Constant coordinate grid lines. 
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Fig. 3. Full field density profiles. 
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Fig. 4. Full field axial velocity profiles. 
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Fig. 5. Full field energy profiles. 
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Fig. 6. Full field unit mass flow profiles. 
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Fig. 7. Density profiles. Fig. 8. Axial velocity profiles. 
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Fig. 9, Energy profiles. 
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Fig. 12. Pressure contours. 
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Fig. 13. Velocity vector contours. Fig. 14. Unit mass flow contours. 
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Fig. 16. Surface pressure distribution. 
of energy at the plate surface. The unit mass flow profiles are shown in Fig. 10. The recirculation 
zone is clearly evident. 
Field contours of the physical variables are shown in Figs 11-15. Pressure contours over the 
entire computational field are shown in Fig. 11. The incident shock wave is readily apparent. The 
reflected shock wave (inviscid solution) has split into two main compression fans. One lying above 
the separation bubble with the other lying on the surface at the recompression point. Details near 
the plate surface are more clearly shown in Fig. 12. Contours of velocity vector magnitude are 
shown in Fig. 13. The recirculation zone is clearly present. The shear layer which separates and 
then reattaches i  also readily visible. The sharp bends in the closed contours within the separation 
zone occur at the grid points. Eight points lie within the separation zone and they are coarsly 
distributed within the zone. The contour plotting code used to generate the figures is responsible 
for the apparent kinks. Unit mass flow contours are shown in Fig. 14. All the features of the 
separation zone are present. Mach number contours, along with the sonic line, are shown in Fig. 15. 
The sonic line is represented by the dashed line. 
Finally, the surface pressure distribution is shown in Fig. 16. The square symbols represent the 
numerical solution. The triangular symbols are the experimentally measured ata points of Ref. 
[12]. The separation zone location is in agreement with the experimental data. So is the location 
of the recompression zone. The surface length of the separation zone is also in good agreement. 
The plateau pressure is however overpredicted. The numerical value being approx. 1.37 while the 
experimental value is 1.25. 
Acknowledgement--This work was sponsored by the Once of Naval Research. 
REFERENCES 
1. D. Gottlieb, L. Lustman and S. Orszag, Spectral calculations of one-dimensional inviscid compressible flows. SIAM 
Jl 2(3), Sept. (1981). 
2. L. Sakell, Pseudospectral solution of one dimensional and two dimensional inviscid flows with shock waves. NRL 
Memorandum Report 4892, 6 August (1982). Also AIAA Jl 22(7), 929-936 (1984). 
3, L. Sakell, Solution to the Euler equations of motion by pseudospectral techniques, lOth IMACS WId Congr. System 
Simulation and Scientific Computations, Montreal, Canada, Aug. (1982). 
4. L. Sakell, Chebyshev-series solutions to the I-D and 2-D Euler equations with shock waves. Syrup. Spectral Methods 
for Partial Differential Equations, /CASE, NASA, Langley, Va, Aug. (1982). 
5. L. Sakell, Pseudospectral solution of inviscid flows with multiple discontinuities. NRL Memorandum Report 5147 
ADAI32084, 17 Aug. (1983). 
6. L. Sakell, Full pseudospectral solution to the Euler equations of motion for airfoil flow at transonic speeds. NRL 
Memorandum Report 5674, 30 Sept. (1985). 
7. A. T. Patera and S. A. Orszag, Transition and turbulence in planar channel flows. Cambridge Hydrodynamics Report 
No. 37 (1981). 
94 L. SAKELL 
8. L. Sakell, Full pseudospectral solution of the Navier-Stokes equations of motion for an oblique shock boundary layer 
interaction. 6th IMACS Int. Syrup. Computer Methods for Partial Differential Equations, Lehigh University, Bethelehem, 
Penn., June (1987). 
9. R. W. MacCormack, A numerical method for solving the equations of compressible viscous flow. AIAA J120(9), Sept. 
(1982). 
10. L. Sakell, On the use of an implicit procedure to accelerate convergence of full pseudospectral solutions to the 
Navier-Stokes equations of motion for flows with shock waves. 1st Nail Fluid Dynamics Cong. University of Cincinnati, 
Cincinnati, Ohio, 24-28 July (1988). 
11. L. Sakell, Solution to the compressible Navier-Stokes equations of motion by Chebysbev polynomials with implicit 
time stepping. NRL Memorandum Report 6153, Dec. (1987). 
12. F. W. Barry, A. H. Shapiro and E. P. Neumann, The interaction of shock waves with boundary layers on a flat surface. 
JAS April (1951). 
